We present a systematic study for the statistical fits of the transverse momentum distributions of charged pions, Kaons and protons produced at energies ranging between 7.7 and 2670 GeV to the extensive Boltzmann-Gibbs (BG) and the nonextensive statistics (Tsallis as a special type and the generic axiomatic nonextensive approach). We also present a comprehensive review on various experimental parametrizations proposed to fit the transverse momentum distributions of these produced particles. The inconsistency that the BG approach is to be utilized in characterizing the chemical freezeout, while the Tsallis approach in determining the kinetic freezeout is elaborated. The resulting energy dependence of the different fit parameters largely varies with the particle species and the degree of (non)extensivity. This manifests that the Tsallis nonextensive approach seems to work well for p+p rather than for A+A collisions. Nevertheless, discussing deeper physical insights of nonextensive statistical approaches isn't targeted, drawing a complete picture of the utilization of Tsallis statistics in modeling the transverse momentum distributions of several charged particle produced at a wide range of energies and accordingly either disprove or though confirm the relevant works are main advantages of this review. We propose analytical expressions for the dependence of the fit parameters obtained on the size of the colliding system, the energy, as well as the types of the statistical approach applied. We conclude that the statistical dependence of the various fit parameters, especially between Boltzmann and Tsallis approaches could be understood that the statistical analysis ad hoc is biased to the corresponding degree of extensivity (Boltzmann) or nonextensivity (Tsallis). Alternatively, the empirical parameterizations, the other models, and the generic (non)extensive approach seem to relax this biasness.
In high-energy collisions, large transverse momenta and particle yields are likely generated [1] . The statistical nature of such a particle production process was first proposed by Koppe [2] . In 1950, Fermi introduced a solid statistical theory assuming concentration of energy in a small spatial volume which -through multiple successive processes -decomposes into many smaller final-states [3, 4] . Assuming a varying number of ideal particles including an aggregation of oppositely charged particles and fulfilling the conservation laws, a generalization to quantum statistics was introduced by Magalinski and Terletskii in 1957 [5] . Based on a statistical bootstrap approach, Fast and Hagedorn introduced in 1963 the mass spectrum function characterizing the abundances of the so-far-detected hadron resonances and introducing the concept of limiting temperature [6, 7] . This very short overview highlights key milestones of the use of the extensive Maxwell-Boltzmann statistics in highenergy collisions. Over the last five decades, enormous numbers of papers reporting on various statistical characteristics of the particle production have been published. Interested readers are kindly advised to consult recent review articles, such as ref. [1] . There is a common consensus among particle physicists that MaxwellBoltzmann statistics describes well the particle multiplicities and their fluctuations and correlations within the so-far explored range of beam energies.
With the introduction of Tsallis nonextensive statistics [8] , different implications even in high-energy physics were proposed [9, 10] . This nonextensive approach assumes the same phase-space as in the extensive statistics, but it replaces the Boltzmann factors by the so-called q-exponential functions, with q > 1. A large number of research papers has been published so far dealing with this type of nonextensivity, for instance [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Recently, AT explained [25] that if one limits Tsallis nonextensivity to the related algebraic operations one is apparently not assuring a proper implementation on the high-energy particle production. The possible interactions besides the fluctuations, the correlations, and the likely modifications in the phase space due to symmetry change, for instance, seem not being incorporated through q-statistics. In other words, a kind a global equilibrium seems being assumed no matter whether energy varies and/or the interacting system rapidly spatio-temporarily evolutes. To remain within the scope of the present research paper, we intentionally disregard the recent proposal that the degree of nonextensivity can be best taken into account when -instead of this types of nonextensivity -a wider class of superstatistics should be implemented, e.g. generic axiomatic nonextensive approach [25] [26] [27] , where both Boltzmann-Gibbs (BG) and Tsallis approaches represent very special cases in it.
Nuclear physics, for instance, has a long history with the nonextensive statistics. Here, the nonextensive approaches are rightfully based on clear physical arguments. Weisskopf accounted for the fact that a highenergy emission reduces the temperature of the remaining nucleus [28] . This idea was extended to heavy ions canonical suppression [29, 30] . The Tsallis-based arguments differ in that they are mainly useful to parametrize nonextensivity, on one hand. On the other hand, they offer little physical insights. Not only absence of deeper physical insights, but also the utilization itself seems not privileged a common agreement among the particle physicists. This research article reviews and discusses on the Tsallis approach and focuses on its utilization in modeling the transverse momentum distributions of various charged particles produced in a wide range of energies.
Although the frequently reported surprising success of Tsallis statistics in reproducing transverse momentum (p T ) distributions of some charged particles in p+p collisions at high energies, various pieces of the puzzle are still missing [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . For instance, the reproduction of p T of the charged particles produced in A+A is mysteriously still overseen. Many colleagues believe that this is not as successful as in p+p collisions. In this regard, different questions should be answered, for example,
• a) whether the system size affects the possibility of nonextensivity of such produced particles; mainly wellidentified bosons and baryons representing low-lying Goldstone mesons and the most-stable fermions?
• b) whether the fits of the transverse momentum spectra of the various particles characterize the chemical or the kinetic freezeouts?
• c) whether the possible flow diminishes the proposed nonextensivity of these particles, when moving from p+p to A+A collisions?
• d) whether this very special type of nonextensivity is indeed able to describe the statistical nature of the particle production?
For example, if the answer to the last question, for instance, is "yes", one would expect that other aspects of the particle production, such as the particle multiplicity (particle yields and their ratios) could (should) be reproduced by Tsallis statistics, as well. Apparently, this is not the case [25, 27, 41] ! The transverse momentum (p T ) quantifies the projection of the four-momentum onto the plane with a transverse (perpendicular) orientation to the collision axis (z-axis). Accordingly, p T = p sin(θ), where p is the four-momentum and θ is the initial polar angle of the particle of interest with respect to the vertex position along the collision axis z. If the longitudinal momentum or rapidity (y) is integrated in the thermal distribution with no flow, the same p T -distribution can be obtained [42] . Studying the p T -distributions within thermal approaches gives -among others -an estimation for the temperature of the fireball (emission source) [43] . The transverse mass and energy can also be determined.
The Tsallis distribution was utilized, for instant, to fitting different particle spectra at midrapidity from central d+Au, Cu+Cu, and Au+Au collisions at RHIC and p+Pb and Pb+Pb collisions at LHC energies [34] . Although the strong medium effects in nucleus-nucleus collisions (for example Cu+Cu and Au+Au), it was concluded that the Tsallis approach can be used to fit most of the particle spectra in d+Au and p+Pb collisions, where the medium effects are assumed being very weak. In A+A collisions, the Tsallis approach is found capable to fit very well all the particle spectra at the RHIC energies except the little deviation observed for proton and Λ at low p T [34] . At LHC energies, the Tsallis distribution can only fit part of the particle spectra either in low or high p T region. In order to reproduce the entire p T region, new formula with an additional degree of freedom should be proposed, for instance, found that the rapidity and energy dependence of the p T spectra in p+p collisions describes well the experimental results from STAR, PHENIX, ALICE and CMS programs [35] . This becomes possible when cascade particle production mechanism was included. The energy dependence of the temperature (T ) and q (where q is thought similar as the parameter n) of the Tsallis distribution has been discussed in great detail [35] . It should be noticed that almost all relevant experimental results are detectable differential quantities, such as dN/d 3 p = d 3 p(p µ /p 0 )f 0 (x, p), satisfying normalization conditions, so that the total number, for instance, reads
where f 0 (x, p) is the phase-space distribution function, S is the surface, dσ µ is a time-like normal vector, and u µ is the four velocity. Similarly, the transverse momentum and transverse momentum distribution, respectively, can be expressed as
where T µx is the energy-momentum tensor. The present papers focuses on a comprehensive characterization of the transverse momentum distributions of various charged particles produced in p+p and A+A collisions at beam energies ranging between 7.7 and 2670 GeV. We also present a short review on the various experimental parametrizations, where measured p T are well fitted but not necessarily within q-statistics; the Tsallis-type, for instance. We shall discuss on the possible reasons that even this type of nonextensivity seems to be successful for p+p but not for A+A collisions! Also, we highlight that the resulting fit parameters are not only depending on the energy but -among others -on the particle species, themselves! II. Approaches A. Statistical-thermal approaches
Transverse momentum distributions a. Extensive statistics
As proposed in literature [10, 39] , the four-momentum in the nonrelativistic limit, i.e. m ≫ p, could be replaced by the transverse momentum (p T ), the transverse mass
, and the rapidity (y), with the dispersion relation E = m T cosh(y), so that d 3 p = p T m T cosh(y) dp T dy dφ, where φ is the azimuthal angle. At finite temperature (T ), chemical potential (µ), and volume (V ) and assuming a full detector acceptance, i.e. dφ = 2π, the extensive Boltzmann-Gibbs (BG) and Fermi-Dirac and Bose-Einstein (F|B) statistical approaches, respectively, give
which can be derived straightforwardly from the distribution function in the corresponding four-space,
where ε = (p 2 + m 2 ) 1/2 is the extensive dispersion relation is natural units, g is the degeneracy factor and µ combine all types of chemical potentials.
b. Tsallis and Tsallis-factorized nonextensive statistics
For the seek of simplicity, the Tsallis statistics is applied to the Maxwell-Boltzmann distributions, Eq. (7). Accordingly, the total number of particles can be estimated -within Tsallis nonextensive statistics -as follows.
where q > 1 is key parameter defining the degree of Tsallis-nonextensivity. The dependence of q on T , µ and √ s NN shall be reviewed later on. The four-momentum distribution can be expressed as
At finite chemical potential and non-vanishing rapidity, the transverse-momentum distribution becomes
When q → 1, BG statistics can be resembled, straightforwardly [8, 10] , Eq. (5). An upper bound on q is naturally set by the given derivatives [10] . Per definition, both expressions describe an ideal nonextensive gas, i.e. one can sum over the constituents of such an additive gas. On the other hand, the given single-particle multiplicity distribution is conjectured as a powerful modeling for the transverse momentum distribution of the individual produced particle [10] . It was argued that many-particle multiplicity distributions using Tsallis statistics doesn't factorize into a product of single-particle ones [47] . It was pointed out that only a factorization approximation allows the use of an explicit single-particle distribution function in Tsallis statistics [48] .
and the norm function Λ is to be determined from a norm equation [47] . It was concluded that at SPS energies, where the entropic parameter gets a value very close to unity, the Tsallis factorized statistics, Eq. (12), seems to deviate from the Tsallis non-factorized statistics, Eq. (11). At higher energies, both types of Tsallis statistics become indistinguishable [47] . This result strengthens the argumentation that the implementation of Tsallis approach on particle production at top RHIC and LHC energies should be conducted, carefully [25, 27] . At y = 0 (mid-rapidity), Eqs. (11) - (12) can be reformulated [10, 47] . Also, for a given rapidity range y 0 < y < y 1 , the transverse momentum distribution can be extended to include an integration over dy [10, 47] . For a systematic fit of p T distributions, we highlight that some experimental measurements are normalized to the geometrical factor 2πp T , while others are not. This might affect the given experimental uncertainties. We disregard this slight difference while comparing to our calculations.
c. Generic and generic-factorized nonextensive statistics
To introduce a generalized statistical approach to a large statistical system having various types of nonextensivity, such as the particle production at high energies, two asymptotic properties, each is associated with a scaling function, have been proposed [26] . Each scaling function is characterized by one critical exponent. These are c for first and d for second property, by which an equivalence class of entropies can be defined, uniquely,
where Ω is the number of states, Γ(a, b) = ∞ b dt t a−1 exp(−t) being incomplete Γ-function and A and B are arbitrary parameters. In the limit Ω → ∞, each admissible system approaches one of these equivalence classes. It was concluded [26] that the universality classes (c, d) not only introduce generic entropy and characterize it entirely, Eq. (14) , but also specify the particle distribution functions,
where W k is k-th branch of Lambert-W function, which has real solutions at k = 0 for all classes with d ≥ 0 and
The properties of this new (non)extensivity entropy, Eq. (14), lead to
while the number of microstates (Ω) is related to the distribution function
where ϕ is given by
For BG statistical distribution, the probability can be expressed as
where f c,d,r (x i ) was given in Eq. (15) and the partition function can be constructed as follows.
At finite temperature (T ) and finite chemical potential (µ), the single-particle distribution function reads
where
Then, the partition function can be given as,
The conversion from classical to quantum statistics is straightforward.
where ± represent fermions and bosons, respectively. The averaged number reads
To estimate the norm function for the proposed generic nonextensive statistics,
we start with
In a grand-canonical ensemble of a Maxwell-Boltzmann ideal gas, the might reexpress this as,
Then, the transverse momentum distribution can be expressed as
2. pT spectra and kinetic freezeouts
In this section, we discuss whether the p T spectrum distributions are to be related to chemical or to kinetic freezeouts. The earlier is a late stage of the temporal evolution of high-energy collisions at which the particle abundances can be described by the equilibrium distribution functions determined by -at least -a set of three types of parameters, namely the temperatures (T ), the baryon chemical potentials (µ) and the fireball volumes (V ). The number of produced particles is likely fixed, i.e. no further chemical processes take place or no longer change in the produced particles. At this stage, the produced particles would exist in their ground states as well as in various exited states. The kinetic freezeout is conjectured to take place at lower temperatures, e.g. the system cools down during a very late stage of the colliding system. The corresponding effective temperature describes the degree of excitation of the elastically interacting system. It is conjectured that during this stage thermal equilibrium in which the p T spectrum distributions of the produced particles are no longer changed, is apparently reached. As mentioned, distinguishing between these two phases is a great objective to be achieved. We review recent studies aiming at proposing answers to the question which quantitatively characterizes which stage?
From the statistical fits of the p T spectrum distributions, various thermal parameters including the fireball geometry and the expansion velocity could be extracted. As elaborated in the previous section, extensive and nonextensive approaches were frequently utilized to characterize the particle production and throughout indirectly model the final state of the interacting system [1] . Alternatively, this can also be achieved through direct comparison with calculations based on multisource thermal model, single freezeout scheme [49] , and incoherentmultiple-collision model [50] , for instance. It was pointed out [51] that both Blast-wave [52] and thermal fireball models [53] seem not capable to model the p T momentum spectra. Models inspired by Hydrodynamics [54] are assumed to propose a good estimation for the kinetic freezeout parameters; kinetic temperature (T kin ) and the average transverse radial flow velocity [ β = 2β S /(2 + n)] with β S is the surface velocity and n is the exponent of the flow profile and thus offer fruitful information about the collision dynamics. Such models propose that the produced particles are locally thermalized at T kin and flow with a common β ,
is the transverse mass with m being mass of the particle of interest. I 0 and K 1 are modified Bessel functions. ρ(r) = tanh −1 β, where β = β S (r/R) n and r/R is the relative radial position in the thermal source. It should be noted that some of these approaches assumes extensive statistics.
It is apparent that the produced particles are considerably affected by the dynamics of the interacting system. Various observations support unambiguously this conclusion. With these regards, it was noticed that the shape of the momentum distributions depend on the freezeout hypersurface [55] . From a hydrodynamic description, i.e. modeling the system as an expanding hadron fluid, both strength and duration of the expansion can be characterized and an effective equation of state could be determined [56] .
Another finding connected with the statistical fits of the p T momentum spectra is the so-called nonextensive effective temperature [25, 57] . Following the proposal that the effective temperature differs from the real temperature, both effective and real temperatures were extracted from mean transverse flow velocity and mean flow velocity of produced particles [58] . Their dependence on rest and moving masses, centralities, and centerof-mass energies could be extracted, as well [58] [59] [60] . It was argued that both types of temperatures can be related to each other [25] . Such an extrapolation shall be elaborated in section II D.
B. Empirical parameterizations
This section reviews another alternative that the transverse momentum p T distributions of different charged particles produced at various energies can be fitted statistically without conciliating to a concrete statistical approach. On one hand, experimentalists mostly aim at a best description of their experimental results apart from the possible complications and the constrains of some theoretical approaches. On the other hand, the resulting parametrizations for different p T distributions become precise, so that they turn to offer excellent descriptions for the characterization of the p T distributions. One of the advantages of these parametrizations is that the system almost alone manifest its degree of extensivity or nonextensivity. For instance, when increasing the energy, the system produced couldn't conserve the same degree of extensivity or nonextensivity as assumed when implementing Boltzmann or Tsallis approach. For a better comparison, we divide the various experimental parametrizations according the system sizes.
A+A collisions
It is well known that the STAR experiment -among others -runs a successful program for the p T distributions of the well-defined charged particles (π ± , K ± , p andp) produced in Au−Au collisions [61, 62] . Recently, a systematic beam energy scan at 7.7, 11.5, 19.6, 27, and 39 GeV was reported [61] for 0.2 < p T < 2 GeV. These results are depicted in Figs. 12-16 . The results at higher energies shall be discussed, as well. We first introduce three examples on parametrizations proposed by the STAR collaboration [61] . At mid-rapidity y < 0.1 and in (GeV/c) 2 units, the p T distributions have been fitted to Bose-Einstein, m T -exponential, and double-exponential, respectively,
Other parametrizations such as Boltzmann ∝ m T exp(−m T /T ) and p T -exponential ∝ exp(−p T /T ) have been proposed, as well [61] . It is obvious that these expressions suggest various power-scales. Depending on the resulting parameters, which are summarized in Tab I, one would be able to favor one or another power-scale. It would be of great interest to compare between them and the ones proposed by Tsallis statistics. The latter is blindly applicable in low as well as in high p T regions and therefore was categorically criticized, for instance in ref. [63] . We also compare these fits with the ones using the same parametrizations but at the energies 62.4, 130, and 200 [62] . The results are added to Tab. I, as well. Table I summarizes the results on the proportionality constants (c) and the inverse slopes (T ) deduced from statistical fits of Bose-Einstein, Eq. (35), m T -exponential, Eq. (36), and double-exponential functions, Eq. (37) to the p T spectra measured in the STAR experiment in 0 − 5% collisions for pions, Kaons, and protons and their anti-particles, respectively. It is obvious that the inverse slopes, T , of the p T spectra of pions are smaller than that of the Kaons, which in turn are smaller than that of the protons. Also, it is obvious that
• there is a general pattern observed that T increases with the increase in the center-of-mass energies,
• the resulting T obtained from p T spectra of pions, Kaons, and protons (particles) are slightly greater than that from their counterparts (anti-particles), respectively, and
• especially for protons and anti-protons, the increase of T with the center-of-mass energies might be monotonic except at 19.6 GeV or at 27 GeV, where a rapid increase or decrease is registered. With this regard, we recall that this region of the center-of-mass energies shall be precisely scanned in the forthcoming energy scan program of the STAR experiment as it might reveal interesting new physics! For nonextensive Tsallis and generic axiomatic statistics, we notice that
• the temperature T increases with the increase in the center-of-mass energies √ s NN except (with an exception at 200 GeV) for all particles except for pions,
• for pions there is a inverse proportionality between T and √ s NN , and
• the resulting T from p T spectra of the anti-particles are slightly greater than that from p T spectra of their particles.
It is obvious that the values of the resulting temperatures range between 0.204 and 0.245 GeV for pions and Kaons. But for protons, there are two sets of resulting temperatures, first term of Eq. 37 results in 0.894 < T < 1.218 GeV, while the second term gives 0.00062 < T < 0.96683 GeV. For pions and Kaons, the temperatures determined are found greater than the freeze-out temperatures which means that both transverse momentum spectra are nearly stemming from the hadronization phase. But in case of protons, the temperatures are very large. There is a huge difference between these and the freeze-out temperatures. Accordingly, we conclude that the transverse momentum distributions for protons are likely to be stemming from the transition phase quark-hadron, i.e. earlier than the hadronization phase.
On the other hand, we notice that the proportionality constants seem to have a monotonic increase with the center-of-mass energy, especially for pions and Kaons, but not for protons, especially at 19.6 GeV or at 27 GeV. This would be interpreted that at these two energies both thermal and chemical freezeout temperatures likely exceed the one deduced from Blast-wave and thermal models, respectively. In other words, the overestimation becomes greater at 19.6 GeV or at 27 GeV pointing to new physics that both sets of statistical approaches become distinguishable. This is another phenomenological observation supporting the idea that this energy range deserves finer analysis. Future facilities such as the Facility for Antiproton and Ion Research (FAIR) at GSI, Darmstadt, Germany and the Nuclotron-based Ion Collider fAcility (NICA) at JINR, Dubna, Russia are designed -among others -to cover such an energy range. Also, the RHIC Beam Energy Scan program in the STAR experiment targets this energy region, as well.
Prior to the results reported in ref. [61] , STAR collaboration published detailed p T spectrum distributions of π ± , K ± , p andp, at 62.4, 130, and 200 GeV in Au−Au collisions at mid-rapidity [62] . Besides parametrizations based on p T -exponential, m T -exponential, and Boltzmann expressions, other expressions have been proposed, as well, such as p T -Gaussian and p
We would like to emphasize that the parameters in Eqs. (35) - (37) aree determined and listed out in Tab. I. Table II shows the results on the effective temperatures as determined from the charged particles and their anti-particles in central Au-Au collisions at 62.4, 130, and 200 GeV [62] by using the parametrizations given in Eqs. (35), (36), (37), (38) , (39) . We notice that for all such particles and anti-particles there is an increase of the effective temperatures with the increase in the energies. On the other hand, the results for pions are lower than the ones for Kaons, which in turn are lower than the ones for protons and anti-protons.
p+p collisions
Due to the non-Abelian energy loss of parent parton penetrating through dense medium (jet quenching), which is likely available in A+A collisions, the possible suppression in high p T spectra of leading hadrons, such as pions, Kaons and protons in A+A-compared to p+p-collisions was proposed as canonical signatures for the quark-gluon plasma (QGP) formation [64] . While it was concluded [65] that the high p T spectra of hadrons produced in central Au+Au collisions at top RHIC energies, √ s N N = 130, and 200 GeV, are found strongly suppressed by a factor of 4 − 5 [66] [67] [68] [69] [70] [71] comparing to the results from p+p-collisions at the same energies [69, 72] , it was reported that the high p T spectra of pions produced in central A+A-collisions at CERN-SPS energies are enhanced relative to their p+p counterparts [73] [74] [75] [76] [77] [78] . The later would manifest the "Cronin effect" in the hadron production, which was first observed in 1975 [79] and effectively refers to an enhancement in the high Tab. II: The proportionality constants (c) and the inverse slopes (T ) obtained from the statistical fits of pT spectra distributions for the well-identified pions, Kaons, protons, and their anti-particles measured in Au−Au central collisions (0 − 5%) at mid-rapidity (y < 0.1) and energies 62.4, 130, and 200 GeV [62] by using different parametrizations given in Eqs. (35) , (36) , (37) , (38) , (39) .
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p T spectra due to multiple interactions produced off pA-and A+A-collisions, e.g. bound nucleons seem to accumulate leading to the high p T spectra of the leading hadrons. On the other hand, the suppression observed at top RHIC energies can be understood due to two phenomena [80] . The first one is the multiple interactions within the colliding heavy-ions, "Cronin effect". The second one describes the final state interactions with the dense medium. Accordingly, the dense medium properties could be characterized, when the Cronin effect for such nuclear collisions can be determined, precisely. From this short review on the results of the high p T from p+p-and A+A-collisions, we are now able to summarize that the suppression and the enhancement of p T spectra of the leading hadrons measured in A+A-collisions relative to the ones in p+p-collisions sheds light on the Cronin effect, the medium modification and signatures for the QGP formation, in nuclear matter. Let us first recall some proposals for the dynamics behind the Cronin effect. A parameter-free approach which describes well the available experimental data was suggested in ref. [80] . It is based on an assumption that the mechanism of the multiple interactions should be affected by the collision energy, on one hand. At low collision energies, high p T of partons are incoherently produced off different nucleons, while at high collision energies their production becomes coherent, i.e. the coherence length, the distances along a projectile momentum direction, linearly increases with the energy [81] 
where k T is the transverse momentum of the parton which is produced at midrapidity. Later on, such these partons likely undergo confinement phase transition forming hadrons that shall be detected and their p T measured. This expression could be interpreted by means of the Heisenberg uncertainty principle and the QCD renormalizability as follows [82] . If l c becomes shorter than the averaged internucleon separation, then the pro-jectile interacts incoherently with individual nucleons similar to the p+p scattering, otherwise the interaction is coherent [82, 83] . On the other hand, if the coherence length becomes short, then the possible broadening in the p T spectrum distribution [84] , which might be produced due to initial and/or final interactions, should not be interpreted as a medium effect on the parton distribution of the nucleus [80] . The possible broadening is momentum spectra was proposed as a signature for the QGP formation [84] . If l c becomes longer than the nuclear radius, it is conjectured that all amplitudes, for instance of λ's of x's, interfere, coherently [82, 83] . This leads to a collective parton distribution of the nucleus. The amplitudes with large parton momentum related to large l c ∼ (m N x) −1 likely overlap and thus have no correlations with individual nucleons. This means that factorization can be applied, while the parton distribution becomes modified [85, 86] .
We have briefly reviewed the reproduction of the p T spectra measured in A+A and p+p collisions at top RHIC and at SPS energies. A strong suppression is found in the earlier, while an enhancement is to be concluded in the latter [65] . For the seek of completeness, we recall that the Cronin effect could be well confirmed in fixed target pA-collisions at Fermilab energies 20 − 40 GeV [87, 88] and in αα-collisions at ISR energies 31 GeV [89] . Now, we can review the various parameterizations for p T distributions:
• First, we recall the five-parameter functional form for the inclusive cross-section distribution at ISR energies [65] E d 3 σ pp→πX dp 3 = A exp ap
639 GeV, and n = 17.95.
• Second, from the different parametrizations utilized at 0.9, 2.76 and 7 TeV, we start with the modified Hagedorn function. This was utilized by the ALICE collaboration for a better parametrization for low p T differential cross-section [90] ,
where n is a q-like exponent. It was concluded that this expression behaves, at high p T , as power law (asymptotic), while at low p T the quantities within the brackets, (1 + p T /p T,0 ) −n , represent an exponential function with an inverse slope parameter p T,0 /n. The differential cross section, in left-hand side,
ch /dp T dη, was measured as σ NN MBOR multiplied by the number of charged particles per event differential yield of charged particles in minimum bias collisions, d
2 N MBOR ch /dp T dη.
• Third, the ALICE results on differential cross-sections have been confronted to NLO-pQCD calculations [91] . The scaling exponent n was estimated by comparing the spectra
where the quantities with prime are the ones compared to the quantities without prime.
• Fourth, the LHC results on p T spectra of well-identified and unidentified particles have been parametrized, as well [92] [93] [94] [95] [96] . The generic parameterization reads
where n is an exponent (though being equivalent to Tsallis q-parameter) and T gives an inverse slope parameter (equivalent to temperature). dN/dy is the yield distribution. From experimental point-ofview, the systematic errors count possible contributions from all individual detectors, overall normalization errors, and the uncertainties in the extrapolation to large p T . For pions, which are the lowest Goldstone bosons and accordingly more abundant than other particles, at mid-rapidity, p/E ≡ p T /m T . Accordingly, the rhs of the previous expression should be multiplied by p T /m T for pions, especially. This type of parametrization is known as Tsallis-Pareto or Tsallis-Levy [97] . Through a private communication, Tsallis is rejecting that this has any thing to do with the Tsallis-type of statistics. The various fit parameters are detailed in the Tables 4 and 5 of ref. [93] . For the seek of comparison, we give in Tab. III A 2 the results reported in ref. [93] .
C. Other models for pT spectra distributions This is another alternative to describe the experimental results. The system almost alone manifest its degree of extensivity or nonextensivity. The modeling proposed likely empowers the statistical system with such ability. This can be seen when the energy goes from few GeV to few TeV, the produced system accordingly should have different degrees of extensivity or nonextensivity and this should be reflected in the statistical approach applied.
Assuming that many emission sources are formed in the high energy collisions, a multisource thermal model with different interacting mechanisms and different detection samplings has been proposed [98] [99] [100] . It was conjectured that the sources of one group are in a local equilibrium. This allows to apply singular distributions and to assign to the multisources one common temperature and same degrees of freedom, as well. It is apparent that the emission of the produced particles off the multisources constructs the final-state spectrum, which can be characterized statistically by a multi-component distribution law [101] . In light of this, the authors of ref. [102] proposed that a multicomponent Erlang p T spectra distribution estimates the mean p T of each group and Tsallis statistics determined the effective temperature of the whole interacting system, which may have group-by-group fluctuations in different local thermal equilibrium. To this end, we recall first the assumption that the particles generated off one emission source obeys an exponential function of p T spectra distribution [58, 100] 
where p Tij is p T spectra stemming from i-th source in j-th group and · · · gives the mean value. When summing up over N j sources in j-th group, the single-component Erlang distribution could be constructed as
where p T stands for transverse momentum contributed by N j sources. When summing up over all groups, the multi-component Erlang distribution is obtained
where w j is the relative weight of j-th groups. The mean transverse momentum reads
It was assumed that the temperature deduced from multi-component Erlang and Tsallis fits to mean and transverse spectra of various produced particles at RHIC and LHC energies is identical to the kinetic one characterizing thermal freezeout [58] . The flow velocity could also be extracted. Various colliding systems including p + p, Cu+Cu, Au+Au, Pb+Pb, and p+Pb at different centralities have been analyzed [58] . To all these systems, the multisource thermal model was also utilized. The effective temperature and the real (physical) temperature could be determined. The latter is likely identical to the thermal freezeout temperature of the interacting system. The mean transverse flow velocity and the mean flow velocity of produced particles, as well as, relationships among these quantities were extracted, as well. Furthermore, this extensive study determined the dependence of the effective temperature and the mean and the transverse momentum distributions on the rest mass, the moving mass, the centrality, and the center-of-mass energy. Also, the dependence of the thermal freezeout temperature and the mean and the transverse flow velocity on centrality, center-of-mass energy, and system size was analyzed [58] .
The rapidity and the energy dependences of the transverse momentum spectra for charged particles in p+p collisions were analyzed by using two types of Tsallis-approaches, e.g. with and without thermodynamic description, where experimental results from the STAR, PHENIX, ALICE, and CMS experiments could be well reproduced [32] . It was found that the temperatures obtained with the thermodynamic description is smaller than the ones without such description [32] . In the Tsallis distribution with thermodynamical descriptions, there is an extra term m T which is responsible for the discrepancies of the temperatures from the other type of Tsallis-approaches.
The experimental results from light flavour particles; p, π, K and their anti-particles measured in Au+Au at 200 GeV and from strange particles; K 0 S , Λ, Ξ, Ω measured in Cu+Cu at 200 GeV are confronted to the multi-source thermal model. On the other hand, it was found that the results of p, π + , K + , φ from Pb+Pb at 2.76 TeV, as well as π
S from p+Pb at 5.02 TeV, and p, π
− +Σ + at 0.9 and 7 TeV from p+p collisions, which apparently combine different colliding systems and different energies, are well described by means of the standard Tsallis approaches, e.g. the ones compelling with Fermi-Dirac or Bose-Einstein statistics and with the two-and three-component standard distributions [103] . From this analysis, a dependence of the effective temperature on the rest mass of the particle m 0 was proposed [103] . The proposed relation between the effective temperature T also expressed as T T −S or T T or T S and the particles rest mass m 0 is given as [104] [105] [106] [107] [108] 
where T 0 is intercept also given as T T −S0 or T T0 or T S0 of the linear relation between T and m 0 which, at m 0 = 0. Also, T 0 is known as the kinetic freezeout temperature of interacting system. The transverse momentum spectra of pions, Kaons, and proton and their anti-particles at mid-rapidity in p+p collisions at 7 TeV measured by the ALICE experiment have been analyzed by using different techniques [109, 110] . This allows for precise measurements within different p T -ranges including low for pions and moderated range for both Kaons and protons [109] . The dependence on the particle mass of results from Pb+Pb collisions at 2.76 TeV was parametrized by using BG Blastwave fits [110] . Various collective phenomena in small colliding systems such as central p+p and p+Pb and peripheral Pb+Pb have been investigated.
Furthermore, the relativistic stochastic model in the three dimensional (non-Euclidean) rapidity space was used to describe the transverse momentum spectra for anti-protons from Au+Au collisions. The radial symmetric diffusion in Euclidean space reads [111] 
where D is the diffusion constant. At initial conditions, i.e. t = 0, we get
At k B T = mσ(t) 2 , where k B is the Boltzmann constant and σ(t) 2 = 2DT , there is a coincidence between the relativistic stochastic model and the Maxwell-Boltzmann. Therefore, the temperatures could be estimated from the Maxwell-Boltzmann distribution function at low and high p T -ranges under the assumption that in the lower momentum limit the distribution function approaches the Maxwell-Boltzmann when the rapidity becomes smaller than unity (y ≪ 1) or p T ≪ m [111] .
D. Extrapolation to Boltzmann temperature
As discussed in Sec. II C, the effective temperature can be expressed in terms of the particles rest mass, Eq. (49) [103] . Thus, the intercept T 0 (known as T T −S0 , T T0 , or T S0 ) gives the temperature at the kinetic freezeout of the interacting system or the real temperature (source) [104] [105] [106] [107] [108] . Alternatively, T 0 could be understood as the quantity related to massless particle. Furthermore, the parameter a can be given as a function of the v 2 0 /2, where v 0 is the transverse radial flow velocity [105, 106] . It was concluded that a = v 2 0 /2 is only valid within the low p T -region [105, 106] . On the other hand, a = v 2 0 /2 within p T > 2 GeV/c would be only valid, if the radial radial flow velocity becomes modified v T −S0 or v T 0 or v S0 corresponding to Tsallis-standard and Tsallis or even to the standard distributions. The latter include standard Boltzmann, Fermi-Dirac, and Bose-Einstein distributions, which can be summarized as
where C i0 is normalization constant [103] and T i is the effective temperature for the i-th component. Furthermore, it was concluded that T T −S , T T , and T S all increase with the increase in the collision centrality, where T T −S ≤ T T < T S for a given set of data [103] .
The two-Boltzmann, where i = 2 in Eq. (52) and the Tsallis distributions have been utilized in studying the transverse momentum distributions of the final-state particles produced in high-energy collisions at LHC energies [112] . It was found that the resulting two temperatures refer to fluctuations taking place in the interacting system. The temperature fluctuations have been investigated under the consideration of an interacting system of groups with different sizes. Other observables such as the transverse energy and the multiplicity have been related to these fluctuations, as well. Tsallis statistics seems to describe well the temperature fluctuations and the degree of non-equilibrium, as fas this is related to nonextensivity. In other words, the degree of nonequilibrium is merely referring to the change in the non-extnsivity parameter q. Thus, this study has showed that Tsallis statistics describes well the fluctuations in both T and q. From two-Boltzmann distributions, the temperature of the interacting system T can be given as [33] 
where k 1 and k 2 are constants denoting the contributions from first and second Boltzmann distribution, respectively. Alternatively, the temperature of the interacting system can be given as
The transverse momentum spectra of the charged particles produced in Au+Au collisions at RHIC and in Pb+Pb collisions at LHC energies with different centrality intervals were analysis by the multisource thermal model in which the Tsallis distributions, the Boltzmann distributions, (two-component) Tsallis distributions, and the (two-component) Boltzmann distributions are implemented [33] . It was concluded that there is a linear correlation between the effective temperatures obtained from both Tsallis and Boltzmann distributions,
T T refers to Tsallis temperature while T B refers to Boltzmann temperature.
In Au+Au collisions at RHIC energies, it was concluded that the effective temperatures T T and T B increase with the increasing in the particle masses but decrease with the increasing in the centrality. The comparison between the two types of temperatures results in T T < T B , and also helps in estimating the nonextensive parameter q. It was found that the latter is almost not changing in most cases [33] .
From the values obtained for the effective temperatures for charged particles measured in Pb+Pb collisions at 2.76 TeV, it was noticed that both T T and T B increase with the increase in the particle masses but they are not depending on the centrality of the collisions, especially, when moving from central to semi-central collisions. Also, it was found that T T < T B but q does not depend nearly on the centrality of the collisions. On the other hand, q slightly increases from semi-central to peripheral collisions [33] .
The transverse momentum spectra of strange particles produced in Pb+Pb, p+Pb, and p+p collisions at different center of mass energies with different multiplicities which measured by the CMS experiment have been described by using both Tsallis and Boltzmann statistics [113] . The effective temperatures, the Tsallis temperature (T T s ) and the Boltzmann temperature (T Boltz ), are found increasing with the increase in both the mass and the strangeness number of the particles and also increasing with the multiplicities but q decreasing with the increase in the particle's mass and also decreasing with the increase in the multiplicities. There is a linear correlation between the extracted temperatures from the two types of statistics
where a = 1.2465 ± 0.0138 and b = −160.499 ± 5.386. So the two temperatures were found related to each other as T T s < T Boltz . The values of the constants a and b change as the change in the particle mass as Figure 1 shows the fit parameters for the charged particles and anti-particles as functions of the center-ofmass energies in A+A collisions obtained from three types of statistics, namely Boltzmann (top panels), Tsallis (medium panel), and generic statistics (bottom panel). These parameters are the chemical potential µ (left panel), the temperature T (medium panel), and the volume V (right panel). We notice that the chemical potential is inversely proportional to the center-of-mass energies for all particles. This is valid for the different types of statistics. For Boltzmann statistics, the temperature increases with the increase in the energies for all particles. For both Tsallis and generic axiomatic statistics the temperature increases as well with the increase in energies for Kaons and protons and their anti-particles but for pions it decreases. With respect to the volume, we notice that the volume increases with the increase in energies for all particles except for proton (here the volume decreases with the energies). Figure 2 presents the non-extensive parameters q and d for Tsallis and generic statistics as functions of the center-of-mass energies for charged particles and anti-particles. We find that q decreases with the increase in energies for Kaons and protons but increases for pions, left panel. On the other hand, d decreases with the increase in the center-of-mass energies for all particles and anti-particles.
From the resulting (c, d) that c = 0.9995 and remains unchanged, while d is positive but less than unity, review right panel of Fig. 5, i.e. (c, d) ≡ (1, d > 0) , we conclude that these result is stretched exponentials and asymptotically stable classes of entropy. In this particular case, this means that
where η = 1/d is characterized as stretching exponent distribution, i.e. η > 0 [114] . At positive d, the branch of Lambert-W functions, which are the real solutions of
is the one at k = 0. This is defined by the solutions of W 0 (x) ∼ x − x 2 + · · · . Within the given η-region, there are three cases:
• at η < 1, S η is known as superadditive,
• at η > 1, S η is known as subadditive, and
• at η = 1, S η is characterized by positivity, equiprobability, concavity and irreversibility.
The third case means that three Shannon-Khinchin axioms, i.e. the continuity, the maximality, and the expandability, besides the extensivity are verified. This reproduces the logarithmic BG nonextensive entropy. As an example, let us assume that (c, d) ≡ (1, 2), where η = 1/2. Then, we get that
This is a superposition of two entropy terms. Furthermore, it is apparent that S 1,2 (p) is superadditive and its asymptotic behavior is dominated by the second term. Coming back to the stretched exponent distributions, which are characterized by c → 1, we recall that the BG extensive entropy is to be recovered at d = 1. Also, the Tsallis nonextensive entropy is to be restored, at d = 0. The Lambert exponential is given as
where r = (1 − c + cd) −1 determining the distribution function, especially at small probabilities of microstates (x) but not effecting the asymptotic properties. The values obtained for the two equivalent classes (c, d) make it suitable to recall their physical meaning and their relation to (non)equilibrium mechanism. For more detailes, interested readers are advised to consult ref. [115] . Figure 3 depicts the fit parameters obtained from the three types of statistics as functions of center-of-mass energies. Left panel shows a comparison for pions, middle panel illustrates Kaons, while right panel presents protons. The top panel gives the dependence of µ on center-of-mass energies. An inverse proportionality between µ and the energies for all particles is obtained by using all types of statistics. Middle panel shows the temperature as a function of the energies. It is noticed that the temperature increases with increasing energies for Kaons and protons from the three types of statistics while this dependence is only obtained by using Boltzmann statistics for pions. By using non-extensive statistics, we find that the temperature of pions decreases with the increase in energies. Bottom panel presents the dependence of the volume on the center-ofmass energies. We find that the volume increases with the increase in energies for pions and Kaons by using the three types of statistics. For protons (antiprotons) such a dependence is only obtained when using Tsallis statistics. But for protons and by using Boltzmann and by using generic axiomatic statistics, the volume is found decreasing with the increase in the energies.
We conclude that by using Boltzmann statistics there is a general behavior that the temperature increases with the increase in energies for all particles. At 200 GeV, the temperature has values smaller than the ones at lower energies. Also, we conclude that the temperature obtained from anti-particles are slightly greater than the ones from the particles. But for nonextensive statistics, the temperature increases with the increase in the energies for all particles except for pions. Another exception for pions could be highlighted that there is a reverse proportionality between the temperature and the energies. The resulting temperature from p T spectra of anti-pions, anti-Kaons, and anti-protons are slightly greater than that from p T spectra of their particles. Figure 4 depicts the fit parameters for the charged particles and anti-particles as functions of the centerof-mass energies in p+p collisions as obtained from three types of statistics, namely Boltzmann (top panels), Tsallis (medium panel), and generic axiomatic statistics (bottom panel). These parameters are the chemical potential µ (left panel), the temperature T (medium panel), and the volume V (right panel). It is found that the chemical potential is approximately inversely proportional to the center-of-mass energies for all particles for Boltzmann and generic axiomatic statistics. But by using Tsallis statistics there is some variations at low energies. Also, for Boltzmann and generic axiomatic statistics, the temperature increases with the increase in the energies for all particles. For Tsallis statistics, the temperature decreases with the increase in energies for all particles and their anti-particles except at low energies, where the temperature has a reverse trend. With respect to the volume, we notice that the volume increases with the increase in energies for all particles by using Boltzmann and generic axiomatic statistics. But the volume decreases with the increase in energies by using Tsallis statistics. Figure 5 shows the non-extensive parameters q and d obtained from Tsallis and generic axiomatic statistics, respectively, as functions of the center-of-mass energies for charged particles and anti-particles. In left panel, we find that q increases with the increase in energies for all particles. On the other hand, d decreases with the increase in the center-of-mass energies for all particles and anti-particles. With this regard, we recall that the equivalent class c = 0.9995 for all particles. Figure 6 shows a comparison of dN/dy and p T measured in various experiments in a wide range of energies; UA2 [116] , E735 [117] , PHENIX [118] , STAR [119] , ALICE [93] and CMS [95] . It is obvious that the energy dependence for both quantities seems to be consistent with a power-law increase [95] . Figure 7 presents the fit parameters obtained from the three types of statistics as functions of the center-ofmass energies. The left panel shows a comparison for pions, middle panel illustrates Kaons, while right panel presents protons and antiprotons. The top panel gives the dependence of µ on the center-of-mass energies. An inverse proportionality between µ and the energies is obtained for all particles by using all types of statistics. The middle panel shows the temperature as a function of the center-of-mass energies. It is to be noticed that by using Boltzmann and generic axiomatic statistics the temperature increases with increasing energies for all particles. By using Tsallis statistics, we find that the temperature decreases with the increase in energies. The bottom panel presents the dependence of the volume on the center-of-mass energies. We find that by using Boltzmann and generic axiomatic statistics the volume decreases with the increase in energies for all particles. By using Tsallis statistics, the volume is found nearly independent on the increase in the energies. Table III A 2 presents the results obtained from the statistical fits of the momentum spectra of combined positive and negative particles measured in p+p collisions at 0.9 GeV with statistical and systematic uncertainties, [93] to Eq. (44) . We notice that the temperature T and the transverse momentum p T increase with the increase in the particle mass, while the nonextensive parameter n, which is related to q, is found nearly independent on the type of particles at 900 GeV. It is approximately in the range between 6 to 8. This means that q ranges between 1.14 and ∼ 1.2.
p+p Collisions
For p+p collisions, we conclude that, there is a general behavior for the resulting temperature T , namely T decreases with the increase in energies for all studied particles by using all types of statistics (extensive and nonextensive) except for Tsallis, where the temperature increases with the increase in the energies at low energies only. For the three types of statistics, the fit parameter µ decreases with the increase in the energies for all particles and anti-particles. But by using Tsallis statistics, there are some variations at low energies. The volume of the system is found to increase with the increase in energies for all particles and their anti-particles by using Boltzmann and generic axiomatic statistics. But the obtained V by using Tsallis statistics is found to have a reverse behavior. The nonextensive parameter q from Tsallis statistics increases with the increase in the energies for all particles and their anti-particles. Also, the nonextensive parameter, equivalent class, d which is obtained by using generic axiomatic statistics, decreases with the increase in the energies for all types of particles. It was concluded that the p T resolution of the CMS experiment doesn't affect the shape of the measured spectra [94] . For a combination of all (most) charged particles detected in non-single-diffractive p+p collisions, it was found that
• at 0.9 TeV [94] , T = 0.13 ± 0.01 GeV, n = 7.7 ± 0.2, dN ch /dy| |y|<0.5 = 3.48 ± 0.02 ± 0.13, and p T = 0.46 ± 0.01 ± 0.01 GeV,
• at 2.36 TeV [94] , T = 0.14 ± 0.01 GeV, n = 6.7 ± 0.2, dN ch /dy| |y|<0.5 = 4.47 ± 0.04 ± 0.16, and p T = 0.50 ± 0.01 ± 0.01 GeV,
• at 7 TeV [95] , T = 0.145 ± 0.005 GeV, n = 6.6 ± 0.2, dN ch /dy| |y|<0.5 = 5.78 ± 0.01 ± 0.23, and p T = 0.545 ± 0.005 ± 0.015 GeV. 
Universal trends of fit parameters obtained
At SPS energies (6.27 and 17.27 GeV), RHIC energies (62.4 and 200 GeV), and LHC energies (0.9, 2.76, and 7 TeV), the charged pion transverse momentum spectra, p T , in p+p collisions have been studied as functions of energy and multiplicity by means of Tsallis nonextensive approach [120] . The Tsallis parameters obtained have been parametrized as a function of the center-of-mass energy √ s as in the following expression:
where a = 1.33 ± 0.08, α = 0.22 ± 0.06 and b = 4.36 ± 0.24 for n( √ s), a = 2.63 ± 0.62, α = 0.04 ± 0.02 and b = 3.76 ± 0.49 for T ( √ s) and a = 0.65 ± 0.01, α = 0.22 ± 0.01 and b = −4.78 ± 0.03 for dN ( √ s)/dy. Also, the charged pion spectra for different event multiplicities in p+p collisions at LHC energies was studied by using Tsallis distribution [120] . Such as expression was being proposed due to its statistical fits to experimental results. We do the same procedure. The resulting expressions together with related graphs and tables for the parameters obtained are added to the end of this section.
Here, we analyze the transverse momentum spectra p T for charged particles and anti-particles by using extensive and non-extensive statistics. Various parameters are obtained from the statistical fits in a wide range of center-of-mass energies by using three types of statistics: Boltzmann (extensive), Tsallis and generic statistics (non-extensive). It is concluded, sec. III, that Tsallis is more successful in describing p+p collisions than A+A collisions but BG has the reverse impact, i.e. better for A+A rather than for p+p. It was found that generic axiomatic approach is well applicable for both types of collisions. Boltzmann statistics can interpret the interaction between many particles so it can used excellently with a more crowded system, e.g. A+A collisions. But Tsallis is more accurate to explain the interaction between finite number of particles. This makes it good in explaining p+p collisions.
Our expressions for fitting parameters
For all particles produced the dependence of µ on the center-of-mass energies √ s NN as obtained from all types of statistical approaches for all types of collision can be expressed as
where a and b are given in Tables IV, V , VI, VII, VIII, IX, and taken from Figs. 8, 11. For the seek of completeness, we refer to a widely used expression proposed in ref. [121] , µ = a/(1 + b √ s NN ), where both parameters a and b differ from the ones in Eq. (63) .
Other parameters have been deduced, as well. In the following, we review whether the size of the colliding system impacts the resulting quantities and how these vary with the energy and with the type of statistical approach applied. Tables IV, V , and VI illustrate and list out various fit parameters. In the following we summarize shortly the various dependences of these thermodynamical quantities on the centr-of-mass energy:
• Volume and temperature have a similar dependence on √ s NN . This was obtained by using Boltzmann and Tsallis statistics for all particles
where the values of a, b, and c, are taken from Fig. 8 , see Tab. IV, V.
• By using the generic axiomatic statistical approach, we could estimate the dependence of temperature on √ s NN for all particles
where the values of a, b, c, and f are shown in Fig. 8 , see Tab. VI.
• The dependence of volume on √ s NN for all particles
where the values of a, b, and c are illustrated in Fig. 8 , see Tab. VI. • The nonextensivity parameter q obtained by means of statistical fits by using Tsallis approach for all particles except pions reads
where the values of a, b, and c, are taken from Fig. 9 , see Tab. V.
• For pions, this reads where the values of a and b, are as depicted in left panel of Fig. 9 , see Tab. V.
• the dependence of the equivalent class d for all particles except pions on √ s NN can be given as
where the values of a, b, and c, are shown in Fig. 9 , see Tab. VI. • For pions, this reads
where the values of a, b, c, and f , are shown in Fig. 9 , see Tab. VI.
So far we can conclude that the fit parameters obtained, even with this system size, depend on the energy Tab. VI: The same as in Tab. IV but here for the generic axiomatic statistical approach.
but as well as on the type of statistical approach applied, especially when moving from Boltzmann to Tsallis approach.
b. p+p collisions
Details of this type of collisions are depicts in Figs. 10, 11 and listed out in Tables VII, VIII , and IX. The thermodynamic quantities obtained can be summarized as follows.
• By using Boltzmann, the temperature obtained for all particles except π + can be related to √ s NN as
where the values of a, b, and c are shown in Fig. 10 , see Tab. VII. • For π + and by using Boltzmann, the temperature can be related to √ s NN as
where the values of a, b, and c, are depicted in Fig. 10 , see Tab. VII.
• The volume obtained by using Boltzmann for all particles except pions can be expressed as
where the values of a, b, and c are shown in Fig. 10 , see Tab. VII.
• For π + and by using Boltzmann, the volume can be related to
where the values of a, b, and c are given in Fig. 10 , see Tab. VII.
• By using Tsallis for all particles, the temperature and volume have a similar dependence
where the values of a, b, and c are shown in Fig. 10 , see Tab. VIII.
• The nonextensivity parameter q can be given in dependence on
where the values of a, b, and c, are presented in Fig. 11 , see Tab. VIII.
• By using the generic axiomatic approach, the temperature obtained for all particles is to be expressed as
where the values of a, b, and c are depicted in Fig. 10 , see Tab. IX.
• Also by using the generic axiomatic approach, the volume varies with sqrts NN as follows
where the values of a, b, and c are shown in Fig. 10 , see Tab. IX.
• The equivalent class d for all particles reads
where the values of a, b, c, and f are shown in Fig. 11 , see Tab. IX. Now we can draw the conclusion that the fit parameters obtained depend on the size of the colliding system, the center-of-mass energy, and the type of the statistical approach applied, especially when moving from extensive to Tsallis-type approach. Tab. VIII: The same as in Tab. VII but here by using the Tsallis statistical approach. Tab. IX: The same as in Tab. VII but here by using the generic axiomatic statistical approach.
B. Empirical parameterization
The transverse momentum spectra of the charged particles produced in A+A collisions in the STAR experiment are well described in refs. [61, 62] by using different parametrizations at low p T ranges. These parametrizations are known as Bose-Einstein, m T -exponential, double-exponential, Boltzmann, p T -exponential, p T -Gaussian, and p 3 T -exponential. Each of these expressions suggests different power-scales which are compared with Tsallis statistics at various ranges of p T at a wide range of energies [62, 63] . It was noticed that the temperatures T of the p T spectra of pions are smaller than that of the Kaons, which in turn are smaller than that of the protons and there is a linear dependence of T on the energies except for protons and anti-protons at 19.6 GeV or 27 GeV where a rapid increase or decrease is found. Also, it was concluded that the temperature of charged particles are slightly greater than the ones for the anti-charged particles.
The high transverse momentum p T spectra of hadrons produced in A+A collisions at top RHIC energies [65] are found strongly suppressed by a factor of 4 − 5 [66] [67] [68] [69] [70] [71] comparing to the results for the same hadrons in p+p collisions at the same energies [69, [72] [73] [74] [75] . Different parametrization have been used to describe the p T spectra at LHC energies [90, [92] [93] [94] [95] [96] .
Tsallis statistics is more effective within the low p T range rather than in the high p T . Also we conclude that Tsallis statistics is remarkably successful in describing p+p collisions rather than A+A collisions. The results obtained from these parameterizations are given in Tabs. I -II.
C. Other models for pT spectra distributions Different parametrizations as Tsallis-Pareto, Tsallis-Levy [97] , and multicomponent Erlang p T spectra distribution have been proposed to analyze the transverse momentum spectra in various collisions at different centralities [58, 102] in order to determine the effective temperature of the interacting system. Also, other Tab. X: Estimations for T , q, and NT0 as obtained from Tsallis distribution at various energies [58] .
thermodynamic quantities obtained have been summarized in Tab. X, [58] The values of the free parameters T and q, the normalization constant N T0 , and χ 2 /dof corresponding to Tsallis statistics are given in Tab. X. It is noted that, the effective temperature T increases while the parameter q decreases with increase of the rest mass, which refers to the non-simultaneous productions of different types of particles, while T and q increase with increase of √ s NN . The normalization constant N T0 decreases with the increase of rest mass, and increase with increase of √ s NN . Also, by using two types of Tsallis-type approaches, e.g. with and without thermodynamic description, the energy dependences of the transverse momentum spectra for charged particles in p+p collisions were analyzed [32] . The obtained temperatures from the thermodynamic description is noted to be smaller than the ones without such description.
The discrepancies of the temperatures using the Tsallis distribution with thermodynamical description is related to the introduction of the extra term m T to the distribution. The effect of the choice of E T in the Tsallis distribution beats the effect of the extra term m T for the heavier particles.
There are various types of Tsallis distribution proposed. These can be summarized as follow.
• Type-A Tsallis distribution introduced in ref. [32] E d 3 N dp 3
where E T = m T − m. A, n and T are the free fit parameters. The transverse mass reads m T = p 2 T + m 2 , where m is the rest mass of the particle. n is a fitting parameter known as the nonextensive power (can be related to Tsallis parameter q), T 5 is the temperature, and A is an additional fit parameter [35] .
• If self-consistent thermodynamical description was taken into consideration, then the Tsallis distribution at mid-rapidity becomes
where g is defined as the degeneracy of the particle and V is the volume. This equation, known as Type-B Tsallis distribution, is very similar to Eq. (80), but m T was replaced by E T and also there was an extra term m T in front of the bracket [32] .
Between these two types of Tsallis distribution, namely A and B, there are three stages or transitions.
• The first one is known as a Tsallis-like distribution which was obtained in the scope of nonextensive statistics for the particle yield at mid-rapidity [122] E d 3 N dp 3 = Am T 1 + (q − 1)
where A, q and T 2 are fit parameters. q is a fit parameter which gives the nonextensive power, T 2 is the temperature, and A is another fit parameter [35] . Comparing Eq. (82) and Eq. (81), the only difference is the power of the distribution function, i.e. q for Eq. (81) and 1 for Eq. (82).
• The second stage is expressed as [32] E d 3 N dp 3 = A 1 + (q − 1)
where the term m T outside of the bracket in Eq. (81) was neglected and the constants are absorbed into the new parameter A [32] .
• The third stage reads [32] E d 3 N dp 3 = A 1 + (q − 1)
where m T = p 2 T + m 2 , m is the rest mass of the particle, q is a fit parameter giving the nonextensive power, T 4 is the temperature, and A is a free fit parameter [35] .
Experiment
√ s(GeV) particle T1 χ Tab. XI: The fit parameters T and the corresponding χ 2 /ndf in pT distributions, Eqs. (81), (82), (83), (84), (80), measured in p+p collisions [32] .
From Table. XI, we notice that all distributions have almost the same fitting goodness to the particle spectra. The temperatures of Type-A and Type-B Tsallis distribution are known as T 5 and T 1 , respectively. While, T 2 , T 3 and T 4 are deduced from the stages or transitions between both types of distribution. The Type-A Tsallis distribution gives higher temperature than the Type-B Tsallis distribution. For all the particles, T 1 and T 2 from distributions with extra m T term are lower than temperatures T 3 , T 4 and T 5 from the distributions without it. Also, it was found that T 1 is larger than T 2 , the parameter q in Eq. (81) leads to larger T . Similarly, T 4 is smaller than T 5 , the m T in Eq. (84) leads to smaller the temperature. Finally, the temperature T 3 and T 5 for pions are similar which result from cancelling the effects of q and m T on each other. But for Kaons and protons, the effect of m T in Eq. (83) overcome on the effect of q so T 3 was smaller than T 5 .
In comparing these temperatures with our results, section III A 4, we find that the most temperatures which agree well with most of our results by using Boltzmann statistics are T 5 which refer to Type-A Tsallis distribution.
• For pions:
At √ s NN = 62.4 GeV, T 5 agree well with our results by using Boltzmann statistics while T 2 agrees well with our results by using generic axiomatic statistics. At √ s NN = 200 GeV, also T 2 agrees well with our results by using generic axiomatic statistics but our results by using Boltzmann statistics are greater than results obtained by using different types of Tsallis distributions. At √ s NN = 900 GeV, T 4 agrees well with our results from generic axiomatic statistics but our results deduced from Boltzmann statistics are greater than results taken from different types of Tsallis distributions.
• For Kaons: At √ s NN = 62.4 GeV, T 5 agree well with our results by using Boltzmann statistics while T 4 agrees well with our results from generic axiomatic statistics. At √ s NN = 200 and 900 GeV, T 5 for Kaons agrees well with our results deduced from both Boltzmann and generic axiomatic statistics.
• For protons and antiprotons:
At √ s NN = 62.4 GeV, the results of T 1 for antiprotons agrees well with our results by using generic axiomatic statistics but our results by using Boltzmann statistics are greater than the results taken from different types of Tsallis distributions. Our results for protons by using generic axiomatic statistics are lower than the results taken from any type of the Tsallis distributions. At √ s NN = 200 GeV, T 5 agrees well with our results by using Boltzmann statistics but our results using generic axiomatic statistics are less than results from the different types of Tsallis distributions. At √ s NN = 900 GeV, T 5 agrees well with our results by using Boltzmann statistics, while T 4 agrees well with our results determined from generic axiomatic statistics.
In comparing our fit parameters with the ones shown in Table X taken from ref. [58] , we find that our results for the nonextensive parameter q has the same trend as the later for all particles except for pions. Our results for all particles are greater than the results listed out in Tab. X, especially for protons at all center-of-mass energies.
IV. Conclusions
The transverse momentum spectra p T for the charged particles and anti-particles at a wide range of centerof-mass energies from various high-energy collisions are studied. Extensive and non-extensive statistics were used to analyze the p T spectra for charged particles. p T spectra for pions, Kaons, and protons and their antiparticles are well reproduced by using Maxwell-Boltzmann, Tsallis, and generic axiomatic statistics. Different fit parameters are estimated for each particle by using the three types of statistics for A+A and p+p collisions. Concretely, for p+p collisions, there is a general trend for the temperature T , namely T increases with the increase in the energies as deduced by using all types of statistics (extensive and nonextensive) for all particles except pions, where the temperature is found decreasing with the increase in the energies, especially by using the nonextensive statistics. We also noticed that the values of T for anti-particles are slightly greater than the ones from the particles. For the three types of statistics, the fit parameter µ decreases with the increase in the energies for all particles and anti-particles. By using Boltzmann and generic axiomatic statistics, we noticed that the volume of the system decreases with the increase in energies for all particles and their anti-particles. For protons and Kaons and their anti-particles, the values of V obtained by using Tsallis statistics are found nearly independent on energies, while for pions decrease slightly. The nonextensive parameter q from Tsallis statistics increases with the increase in the energies for all particles and their anti-particles except at energies 62.4 and 200 GeV. Also, the equivalent class, similar to a nonextensive parameter, d which is obtained by using generic axiomatic statistics, decreases with the increase in the energies for all types of particles.
But for A+A collisions, it was noticed that by using Boltzmann statistics there is a general behavior that the temperature increases with the increase in energies for all particles. At 200 GeV, the temperature becomes smaller than the ones at lower energies. Also, we conclude that the temperature obtained from anti-particles are slightly greater than the ones from the particles. But for nonextensive statistics, the temperature is found increasing with the increase in energies for all particles except for pions. Another exception for pions could be highlighted that there is a reverse proportionality between the resulting temperature and the energies. The temperature deduced from the p T spectra of anti-pions, anti-Kaons, and anti-protons are slightly greater than the ones from the p T spectra of their particles.
Using various parametrization expressions, it was noticed that the Tsallis statistics is more effective within the low p T range rather than in the high p T . Also we conclude that the Tsallis statistics is successful in describing p+p collisions rather than A+A collisions, while Boltzmann statistics describes well the latter more than the earlier. We conclude that generic axiomatic statistics is well applicable in describing both types of collisions at all energies for charged particles and their anti-particles.
The values obtained for the equivalent classes (c, d) that c → 1, while 0 < d < 1 warrens the conclusion that the resulting Lambert-W exponentials characterize entropic equivalence classes. This means that the fractional power-law and the entropy of the system of interest are characterized by delayed relaxation.
Analytical expressions for the dependence of the various fit parameters otained by using different types of statistical approaches are proposed for each particle. We compare these with the ones deduced from other models. It is found that our nonextensive fit parameter q for all particles except for pions agree well with the one deduced in ref. [58] . Also, in comparing our results for the fit parameter T with the ones deduced in ref.
[32], we found that our temperature obtained by using Boltzmann statistics is in a good agreement with Type-A Tsallis distribution GeV. Last but not least, the dependence of the various fit parameters on the types of the statistical approaches implemented, especially between Boltzmann and Tsallis approaches, arises when ad hoc a specific degree of extensivity or nonextensivity is applied. This can be seen when comparing the obtained results by the ones deduced from the empirical parameterizations, the other models, and the proposed generic (non)extensive approach, where the system, in our case, transverse momentum spectra, for instance, determines almost alone the degree of its extensivity or nonextensivity. Figure 12 presents an analysis for the transverse momentum spectra p T for charged particles and their antiparticles at energies ranging from 7.7 to 2760.0 GeV by using Maxwell-Boltzmann statistics. The experimental results measured in A+A collisions are represented by symbols. Open symbols refer to the charged particles while the closed symbols refer to the anti-particles. The fitted spectra by using Maxwell-Boltzmann statistics are depicted by curves. It is found that Maxwell-Boltzmann statistics fits well the transverse momentum distributions for all particles. The fit parameters are compared to those obtained from different types statistics for all particles at whole range of energies, Fig. 3 . The left panels illustrate results for pions. The results for Kaons are given in the middle panels. The right panels presents the results for protons and anti-protons. Figure 12 depicts the transverse momentum spectra p T for charged particles and their anti-particles measured from A+A collisions at energies ranging from 7.7 to 2760 GeV (symbols) The open symbols refer to the charged particles while closed symbols to the anti-particles. The fitted spectra by using generic statistics are given as curves. It is found that generic axiomatic statistics reproduce well the transverse momentum distributions for all particles studied. The fit parameters estimated are compared to the ones obtained from different types of statistics for all particles at whole range of energies. The fit parameters are depicted in Figs. 2 and 3 . The transverse momentum spectra p T of charged particles and their anti-particles measured in p+p collisions at energies ranging from 19.6 to 7000 GeV (symbols) are fitted by Maxwell-Boltzmann statistics (curves), Fig.  15 . Symbols refer to the experimental measurements which are measured in NN collisions. It is apparent that transverse momentum spectra p T calculated within Maxwell-Boltzmann statistics fit well with the measurements for all studied particles and anti-particles. The fit parameters are depicted in Fig. 4 . For charged particles (open symbols) and their anti-particles (open sysmbols) measured in p+p collisions at energies from 19.6 to 7000 GeV, the transverse momentum spectra p T are fitted by using Tsallis statistics (curves) and depicted in Fig. 16 . The corresponding fit parameters are depicted in Fig. 4 . 
c. Generic axiomatic statistical fits
At energies from 19.6 to 7000 GeV, the transverse momentum spectra p T calculated within generic axiomatic statistics (curves) are fitted to measured p T from p+p collisions for chraged particles (open symbols) and antiparticles (solid symbols). The various fit parameters obtained are depicted in Fig. 4 . With this regard, we recall that the equivalent class c = 0.999506 remains unchanged, in all cases. 
